Tensor force is identified in each meson-nucleon coupling in the relativistic Hartree-Fock theory. It is found that all the meson-nucleon couplings, except the σ-scalar one, give rise to the tensor force. The effects of tensor force on various nuclear properties can now be investigated quantitatively, which allows fair and direct comparisons with the corresponding results in the non-relativistic framework. The tensor effects on nuclear binding energies and the evolutions of the Z, N = 8, 20, and 28 magic gaps are studied. The tensor contributions to the binding energies are shown to be tiny in general. The Z, N = 8 and 20 gaps are sensitive to the tensor force, but the Z, N = 28 gaps are not.
(RMF) theory [20] [21] [22] [23] [24] , the tensor force is not included because only the Hartree terms are taken into account.
Such a situation of the study of tensor force has been dramatically changed since the experimental data on the shell evolution of nuclei far from the stability line, such as the energy differences between the 1h 11/2 and 1g 7/2 single-proton states along the Z = 50 isotopes, the energy differences between the 1i 13/2 and 1h 9/2 single-neutron states along the N = 82 isotones [25] , and the energy differences between the 2s 1/2 and 1d 5/2 single-neutron states along the Z = 20 isotopes [26] .
This bloomed a series of works focused on the tensor effects on the shell evolution in both the non-relativistic [11, [27] [28] [29] [30] [31] [32] and relativistic [33] [34] [35] [36] [37] DFT. Readers are referred to Ref. [3] for a recent review. In particular, the comparisons between the relativistic and non-relativistic frameworks were carried out in Ref. [38] for the proton 1d spin-orbit splitting and neutron 2p 3/2 -1f 7/2 gap, and in Ref. [39] for the Z, N = 8, 20, and 28 magic gaps. Agreements between the relativistic and non-relativistic results were found in a qualitative way. However, quantitative analysis of tensor effects in the relativistic framework was still missing [38, 39] .
In the non-relativistic framework, the tensor force is included explicitly and its strengths are fitted basically in two ways. One is to add the tensor force onto a given existing effective interaction perturbatively, and adjust only the tensor strengths so as to reproduce at best the shell evolution along the isotopic or isotonic chains [27, 29] . Another is to fit the strengths of the tensor force, e.g., α T and β T in Skyrme [40] , f G in Gogny [11] , on an equal footing with the other components of the effective interaction. In both cases, the tensor force is isolated from the other components, and thus its effects can be identified clearly.
In the relativistic framework, first of all, in order to include the tensor force, the Fock terms must be taken into account. This is the relativistic Hartree-Fock (RHF) theory [41] . By adopting the density-dependent meson-nucleon couplings, the RHF theory [33, 42, 43] achieved for the first time the quantitative description of the ground-state properties of many nuclear systems on the same level as RMF. It has been also shown that the Fock terms play very important roles in the nucleon effective mass splitting [42] , symmetry energies [44] [45] [46] , pseudospin and spin symmetries [47] [48] [49] , halo structure [50] , deformation [51] , superheavy elements [52] , new magic numbers [53] , Coulomb effects and isospinsymmetry breaking [54, 55] , spin-isospin resonances [56] [57] [58] [59] , β-decay half-lives [60] , and the properties of neutron stars [61] . It is, however, not straightforward to identify the tensor effects in the RHF theory, because the tensor force is mixed together with other components, such as the central and spin-orbit ones. For example, simply excluding the pion-nucleon coupling, which is known as the most important carrier of the tensor force, leads to substantial changes also in the central part of the mean field.
Within the RHF theory, there have been several attempts to identify the tensor force and evaluate its effects on the shell evolution. In Refs. [34, 35] , it is found that the tensor components of nuclear interaction arising from the π-pseudo-vector (π-PV) and ρ-tensor (ρ-T) couplings play an essential role in the self-consistent description of the relevant shell evolutions. Moreover, both the π-PV and ρ-T couplings are found to be essential in triggering the new magicity N = 32 in 52 Ca [53] . It is also recognized that the interaction matrix elements from the Fock terms and their contributions to the spin-orbit splittings show characteristic spin dependence, and such a spin-dependent feature can be extracted almost completely by the proposed relativistic tensor formalism, see Fig. 2 in Ref. [62] . In particular, more distinct effects were found in the isoscalar channels, namely the σ-scalar (σ-S) and ω-vector (ω-V) couplings, rather than the isovector ones (π-PV and ρ-T) [62] [63] [64] , since this spin-dependent feature originates not only from the tensor force, but also from the exchange parts of the central force [29] . Nevertheless, with these attempts, a fair and direct comparison between the relativistic and non-relativistic schemes about the tensor force and its effects remains an open question.
In this work, we will perform the non-relativistic reduction for the relativistic two-body interactions in the RHF theory, and obtain the corresponding nonrelativistic reduced operators. These operators, which are expanded in a systematic way in the powers of 1/M , are nothing but the central, spin-orbit, and tensor forces, etc., in the conventional non-relativistic sense. We can then evaluate the tensor effects on various nuclear properties in a quantitative way, and eventually compare with the non-relativistic results.
This paper is organized as follows. In Sec. II, the RHF theory is briefly introduced, and the identification of the tensor forces in RHF is shown with the formalism of nonrelativistic reduction. More details are in Appendixes A, B, and C. The sum rule of the two-body matrix elements of tensor force is verified, and the tensor effects on nuclear binding energies and shell evolutions are studied in Sec. III. Summary and perspectives are given in Sec. IV.
II. THEORETICAL FRAMEWORK

A. Relativistic Hartree-Fock theory
In the relativistic framework, the nucleon-nucleon interaction is mediated by the exchange of mesons [24] . The starting point of the RHF theory is the effective Lagrangian density L . It is constructed with the degrees of freedom associated with the nucleon field ψ, two isoscalar meson fields σ and ω, two isovector meson fields π and ρ, and the photon field A. It is composed of the free parts of the nucleon, meson, and photon fields as well as the interaction parts between nucleons and mesons (photons) [33, 41, 42] ,
where
with the nucleon mass M , the meson masses m, the meson-nucleon coupling strengths g and f , the field tensors
and
In this paper, the isovectors are denoted by arrows and the space vectors are in bold type.
The Hamiltonian can be derived through the Legendre transformation and further presented with the nucleon degree of freedom as
where φ denotes the meson-nucleon couplings, i.e., the Lorentz σ-scalar (σ-S), ω-vector (ω-V), ρ-vector (ρ-V), ρ-tensor (ρ-T), ρ-vector-tensor (ρ-VT), and π-pseudovector (π-PV) couplings, as well as the photon-vector (A-V) coupling. In order to make no confusion, the capital letter "T" here means the Lorentz tensor coupling. In contrast, the small letter "t" will be used later to denote the word "tensor" in the relevant contexts of tensor force. The interaction vertices Γ φ (x, y) in the Hamiltonian (4) read
correspond to the energy contributions from the direct (Hartree) and exchange (Fock) terms, respectively.
Adopting the spherical symmetry, the single-particle states are specified by a set of quantum numbers α ≡ (a, m α ) ≡ (τ a , n a , l a , j a , m α ). Note that because of the spherical symmetry, here we use a to represent the other quantum numbers apart from the magnetic one m α . For the isospin, τ a = 1/2 corresponds to the neutron state and τ a = −1/2 to the proton state. The Dirac spinors of nucleon are explicitly written as
where ξ α (r) and ζ α (r) are the upper and lower components of the Dirac spinor, and G a (r) and F a (r) are their radial parts, respectively. χ 1
2
(τ a ) are the isospin spinors, and Y α (r) are the tensor spherical harmonics defined through the coupling of the spherical harmonics and the spin spinors,
withr ≡ r/r. The variational principle,
leads to the Hartree-Fock equation for the single-particle states {ϕ α (r)}. The Lagrangian multipliers ε α ≡ e α + M can be verified to be the single-particle energies, including the rest mass of nucleon. The corresponding HartreeFock equation for the radial part of the wave functions reads
with κ a ≡ (2j a + 1)(l a − j a ). Σ S , Σ 0 , and Σ T are the contributions to the self-energy from the direct terms. X and Y denote the contributions from the exchange terms. See all the detailed expressions, e.g., in Refs. [33, [42] [43] [44] . Note that the density-dependence in the mesonnucleon coupling strengths leads to the contributions of the rearrangement terms to the self-energy.
B. Tensor force in relativistic Hartree-Fock theory
Non-relativistic reduction
In order to identify various components embraced in the relativistic meson-exchange picture, such as the central, spin-orbit, and tensor forces in the nucleonnucleon interactions in the conventional non-relativistic sense, we will perform the non-relativistic reduction for the relativistic two-body interactions.
In the RHF theory, the relativistic meson-exchange two-body interactions, (15) include those provided by the σ, ω, ρ, and π mesons. The corresponding two-body interaction matrix elements read
Hereafter, we will use the indices "αβγδ" or "abcd" to denote the single-particle states. The non-relativistic reduction ofV φ (r 1 , r 2 ) leads to the non-relativistic twobody interactionV φ (r 1 , r 2 ) that satisfies [65] 
where Π + is the projector to the upper components of the Dirac spinors, i.e.,V only acts on the upper components of the single-particle wave functions. To make a clear distinction, hereafter we use the math calligraphic fontV to present the non-relativistic reduced two-body interactions. In principle,V can be expanded in the powers of 1/M . First, we discuss a specific case that the single-particle wave functions are the plane waves in the vacuum, i.e., in the zero-density limit. The corresponding plane waves read
for the positive-energy states in the Fermi sea. Putting these expressions in Eq. (16), we obtain
where As a result, the non-relativistic reduced two-body interactionsV φ provided by each meson-nucleon coupling are expressed up to the 1/M 2 order in Eqs. (A13). It is seen that all the couplings, except the σ-S one, give rise to the tensor force. This is in agreement with the realistic Bonn nucleon-nucleon interactions in the one-boson-exchange picture [66] . Explicitly, the tensor components of the non-relativistic reduced two-body (21) for each mesonnucleon coupling in the zero-density limit. The ratios to the π-PV coupling are evaluated by
with q = 0 using the bare interaction Bonn A [66] and the effective interaction PKA1 [33] . interactions read
and F 0,φ in each meson-nucleon coupling are shown in Table I . See Appendix A for detailed derivations.
In order to have ideas on the relative strengths of the tensor component generated from different couplings, Table I also shows their ratios to the π-PV coupling, which are evaluated by
with q = 0, by taking the bare interaction Bonn A [66] and the effective interaction PKA1 [33] as examples. It is seen that the largest tensor contribution comes from the pion exchange, while all other couplings have opposite but negligible contributions in the zero-density limit.
For general single-particle wave functions, the twobody interaction matrix elements can be formally expressed as
Because the non-relativistic reduction performed for the plane waves at the last step in Eq. (23) is valid only for the positive-energy states in the Fermi sea, we have to make a truncation p a p b p c p d ∈ F before that. Such a truncation introduces an approximation in the nonrelativistic reduction for general cases, such as the singleparticle wave functions in finite nuclei. For finite nuclei, the Hartree-Fock equation (14) shows that the ratio between the upper and lower components can be evaluated as
In the central region of nuclei, the nuclear density is around the saturation density ρ sat. , and [33] M + Σ S ∼ 0.6M.
In comparison, the ratio between the upper and lower components of the plane waves in the zero-density limit is around σ · p/(2M ) as shown in Eq. (19) . Therefore, within the truncation p a p b p c p d ∈ F adopted in Eq. (23), it is not an optimal choice to perform non-relativistic reduction for the single-particle wave functions in finite nuclei by expanding on the plane waves in the vacuum. Following the spirit of the local density approximation (LDA), at each position r with finite density ρ(r) in nuclei, we seek for the corresponding properties of homogeneous nuclear matter with the same density ρ.
In the relativistic framework, the single-particle plane waves in a homogeneous system generally read
where (29) for each mesonnucleon coupling with finite density. The ratio to the π-PV coupling is evaluated by
with q = 0 and ρ = ρsat. using the effective interaction PKA1.
a This value is only for the nn or pp channel, whereas 0 for the np channel.
In the RHF theory, the starred quantities are defined as [41] 
with the momentum-dependent self-energies. M * is the so-called Dirac mass. As a result, the corresponding tensor components of the non-relativistic reduced twobody interactions becomê
(29) Table II shows the explicit expressions of F φ and the ratios to the π-PV coupling, which are evaluated by
with q = 0 and ρ = ρ sat. using the PKA1 effective interaction. Here the M * is evaluated with the Fermi momentum M * (p F ), due to its weak momentum dependence. See Appendix B for detailed derivations and the relevant discussions.
On the one hand, similar to the case of plane waves in the zero-density limit, the largest tensor contribution comes from the pion exchange, while all other couplings have opposite contributions. On the other hand, now these contributions, except ρ-V, become comparable with the π-PV one. This is mainly due to the densitydependent behaviors of the coupling strengths as well as the Dirac mass M * . First, comparing with the other meson-nucleon coupling strengths, f π quenches more significantly as the nuclear density increases. Second, factors of M/M * and even M 2 /M * 2 enhance the tensor components in the VT and V couplings, respectively. In addition, it is noted that the ratios shown in Table II are evaluated with q = 0. These values will become larger with finite momentum transfer, because in typical cases
Then, we will use the non-relativistic reduced two-body interactions in Eq. (29) to evaluate the contributions of the tensor component in finite nuclear systems, as we will present in the following.
Evaluation of tensor contribution
Based on the above discussions, the tensor contribution to the two-body interaction matrix elements V φ,αβγδ in each meson-nucleon coupling, denoted as V t φ,αβγδ , can be evaluated by
In the coordinate representation,V t φ (r) is expressed aŝ
where S 12 reads
In the RHF theory, only the exchange terms give rise to the non-vanishing matrix elements of tensor interaction, because q = 0 in the direct terms. By using the spherical symmetry, the matrix elements are evaluated by
The corresponding spherically averaged matrix elements are defined as
whereĵ 2 ≡ 2j + 1 is the degeneracy of the orbital. In principle, the above integrals can be carried out directly. Nevertheless, it will be very difficult to decompose analytically the radial and angular parts of the tensor interaction in Eq. (31) .
In practice, we take the advantage of the existing RHF formalism and subroutines to calculate this integral in an alternative way. See Appendix C for details. Before ending this section, let us discuss the properties of the Dirac mass M * appearing in F φ (1, 2) for the integral (33) . First of all, as discussed in Appendix B, for a given nuclear matter density the momentum dependence of M * is rather weak, and thus its value is evaluated with the Fermi momentum M * (p F ). Second, according to the spirit of LDA, at vertices 1 and 2 with densities ρ(r 1 ) and ρ(r 2 ), we take
i.e., their values in the corresponding homogeneous nuclear matter with the same densities, respectively. In Fig. 1 , the values of M * are shown as a function of matter density ρ with the solid line for the symmetric nuclear matter. An obvious density-dependent behavior is seen, and M * (ρ sat. ) = 0.55M at the saturation density. Third, for a given matter density, in principle M * also depends on the isospin asymmetry β ≡ (ρ n − ρ p )/ρ and appears the isospin splitting. Nevertheless, at the central region of nuclei the isospin asymmetry β is small, in contrast, at the surface region β increases for neutron-rich nuclei while the density becomes small. By taking the case of β = 0.2 as an example, M * n and M * p are shown as a function of matter density ρ in Fig. 1 . It is seen that such an isospin splitting is generally small. Therefore, we will always adopt the M * values associated with the symmetric nuclear matter in the following calculations. 
III. RESULTS AND DISCUSSION
A. Sum rule of matrix elements
As a benchmark, one of the most important properties of the tensor force is the following sum rule of the twobody interaction matrix elements [10] ,
where b is an arbitrary state, and the spin-up state a with j > = l + 1/2 and the spin-down stateã with j < = l − 1/2 are a pair of spin doublets. This sum rule is exactly satisfied on the condition that the radial wave functions of spin doublets are identical to each other.
We carry out such a benchmark for the tensor forces extracted above in the RHF theory. Table III shows the values of the two-body matrix elements V t abba of the tensor force generated by the ω-V coupling and the corresponding sum-rule values, by taking the several single-neutron states in 208 Pb as examples. First of all, it is seen that the matrix elements are positive between the j > and j ′ > (j < and j ′ < ) states, whereas they are negative between the j > and j ′ < (j < and j ′ > ) states. This property is opposite to that emphasized in Ref. [10] , because the tensor forces generated by the ω-V and π-PV couplings have different signs. Note that it is the two-body matrix elements with a minus sign, −V t abba , that contribute to the single-particle and total energies, because they are the Fock terms. In order to testify the sum rule, for each spin doublets, we make the radial wave function of the spin-down j < state identical to its spin-up j > counterpart. It is confirmed that the sum rule is fulfilled with more than 6 digits, for both the nodal and non-nodal states with low and high angular momenta.
Individually, this sum rule is satisfied for the two-body matrix elements of the tensor forces generated by each meson-nucleon coupling. As a result, the total values of the tensor matrix elements satisfy the sum rule at the same accuracy, as shown in Table IV .
B. Tensor effects on binding energy
With the tensor contributions to the matrix elements from all the meson-nucleon couplings, we can evaluate the tensor contributions to the total energies of finite nuclei.
Let us first give an overview on the effective interaction PKA1 by showing the contributions to the total energy from the kinetic, Hartree, and Fock terms, as well as the center-of-mass correction in Table V for the nuclei 48 Ca and 208 Pb. It is seen that the total energy is mainly determined by the delicate balance among the kinetic term, the σ-S, and the ω-V couplings, in particular, their Hartree terms. This is consistent with the original idea of the Walecka model [20] . Among other Hartree terms, the Coulomb interaction becomes more important as the proton number increases, the ρ-V coupling contributes in neutron-rich nuclei for the proper isovector properties. In contrast, the ρ-T and ρ-VT couplings give basically no contribution, and the π-PV coupling does not contribute at all due to the violation of parity conservation. For the Fock terms, on the one hand, the biggest contributions still come from the σ-S and ω-V couplings, but they are in general smaller than their Hartree counterparts by around a factor of 5, and have opposite signs. On the other hand, via the Fock terms, the ρ-V, ρ-T, ρ-VT, and π-PV couplings give much more important contributions to the total energy comparing with their Hartree counterparts, in particular, the ρ-T one.
The tensor contributions to the total energy are embraced in the Fock terms. The corresponding values are shown in Table VI . It is noted that in general the tensor forces of all the couplings give very small contributions to the total energy. In particular, for the protons in 48 Ca which are spin saturated, the tensor contributions are especially small due to the sum rule (36) . Such a tiny contribution to the total energy is one of the most important reasons why the tensor forces had been neglected for many years in most of popular effective interactions. Even if the tensor forces were included, their proper strengths were not in well control by fitting to the data such as nuclear masses.
Traditionally, the π-PV and ρ-T couplings are considered as the main carriers of the tensor force. In the RHF theory with the effective interaction PKA1, the tensor force in the π-PV coupling makes nuclei less bound, while the tensor forces in all the other couplings give opposite contributions and largely cancel the π-PV one. The present calculations show that for the completely spin-unsaturated system, e.g., 208 Pb, the π-PV tensor contribution can reach around 0.4% of the total energy, while the ρ-T coupling contributes less than 0.1%. Furthermore, it is remarkable that the tensor contribution from the ρ-VT coupling is indeed comparable with the ρ-T one, and the tensor contribution from the ω-V coupling is larger and even comparable with the π-PV one. Among all the couplings which can give rise to the tensor force, the contribution from the ρ-V coupling is the smallest, mainly because of its small coupling strength around the saturation density. These conclusions can also be understood by the guidance of Table II .
C. Tensor effects on shell evolution
Even though there is only a tiny effect of the tensor force on nuclear binding energy, the tensor force plays a significant role in the shell evolution [3, 10] , in particular, the emergence of new magic numbers far from the nuclear β-stability line [7, 8] .
In Ref. [39] , the tensor effects on the shell evolution were investigated by comparing the non-relativistic Skyrme and Gogny Hartree-Fock theories as well as the relativistic Hartree-Fock theory. Particular attention was paid to the evolution of the magic gaps along the Z, N = 8, 20, and 28 isotopes and isotones. To our knowledge, this is the only literature so far that carries out such systematic comparisons of the tensor effects among these three types of the most successful nuclear DFT. On the non-relativistic side, the effective interactions GT2 [11] with tensor and its counterpart GT2 nT without tensor were used for the Gogny calculations, and the SLy5 without tensor and its counterpart SLy5 wT [29] with tensor were used for the Skyrme calculations. On the relativistic side, however, the results by PKA1 [33] with tensor were compared to the results by a very different effective interaction DD-ME2 [67] without tensor (and even without the Fock terms). In principle, one should perform similar calculations as in the Skyrme and Gogny cases, where the tensor forces are switched on and off without changing the rest of the interaction. Nevertheless, as mentioned in Ref. [39] , an explicit evaluation of the tensor effects in the relativistic framework was very difficult at that time. Simply setting f π = f ρ = 0 would lead to huge changes also in the central part of the mean field and in most cases the mean-field calculations would not even converge. Now, with the newly-developed formalism in this work, we can finally make a quantitative analysis of the tensor effects on the shell evolution in the relativistic framework. Let us re-examine the evolution of the magic gaps along the Z, N = 8, 20, and 28 isotopes and isotones.
Following the procedure in Ref. [39] , the theoretical gaps are calculated as the differences of the HF single- particle energies. The empirical gaps are approximately evaluated via the nuclear mass as adopted in Review [6] : For the proton gaps at Z mag. , we calculate the singleparticle energies of the last occupied and the first unoccupied orbitals, e b and e a , as
Note that here E are the total energies. The energy of the magic gap is then evaluated as
The same procedure is followed for the evaluation of the empirical neutron magic gaps E gap (Z, N mag. ). All the experimental masses are taken from AME2016 [68] .
In the Appendix of Ref. [6] , some warnings were provided about the use of this approximation to evaluate the empirical single-particle energies. The separation energies are supposed to be similar to the singleparticle energies only if one assumes that the proton or neutron magic core remains almost unchanged when one nucleon is added to or removed from it, which will be contaminated by various beyond-mean-field effects. In particular, for the N = Z nuclei, an extra beyond-meanfield correlation has been pointed out, which has led to intensive discussions on the so-called Wigner term in nuclear mass models. We use a prescription introduced in the Skyrme Hartree-Fock-Bogoliubov mass model [69] ,
with V W = −2.327 MeV and λ = 400. The empirical gaps after taking into account these Wigner corrections will be shown in the following figures. Once again, we stress that we consider here the empirical values just as indications to provide qualitative (and not precise) empirical trends to compare with the theoretical results. See more relevant discussions in Ref. [39] . 
Z = 8 isotopes and N = 8 isotones
The proton gap Z = 8 is determined by the difference of the HF single-particle energies between the proton 1d 5/2 and 1p 1/2 states, which belong to the spin-up j > state of the 1d spin doublets and the spin-down j < state of the 1p spin doublets, respectively. Going from 16 O to 22 O, the spin-up j ′ > neutron state 1d 5/2 is occupied, and thus the proton 1d 5/2 (1p 1/2 ) state is pushed upward (downward) by the π-PV tensor force [10] . As a result, the tensor effect is expected to enhance the Z = 8 gap.
We calculate the proton gap Z = 8 in 16 O and 22 O by the RHF theory with the PKA1 effective interaction, and also separate the tensor effects generated by each meson-nucleon coupling through the tensor contributions to the corresponding single-particle energies. The results are shown in Fig. 2 as a function of the neutron number N , and the corresponding empirical values are also given for an qualitative comparison. Note that, same as in Ref. [39] , only several selected sub-shell-closure nuclei are investigated without pairing correlation, and thus the lines in the figures are plotted only to show the trends from one nucleus to the other more clearly. From 16 O to 22 O, the Z = 8 gap calculated by PKA1 increases by around 2 MeV, which is in a nice agreement with the empirical trend. Comparing the results with and without tensor, it is seen that the tensor force produces an enhancement of about 1 MeV, which is also in agreement with the mechanism in Ref. [10] .
In Ref. [39] , it was shown that the results by PKA1 with tensor and those by DD-ME2 without tensor give less difference on the gap evolution. Nevertheless, PKA1 is used within the RHF scheme whereas DD-ME2 is used within the RMF scheme. Their differences not only lie in the tensor interactions but also exist in all other effects coming from the Fock terms, such as the central, two-body spin-orbit interactions, etc. Therefore, such a comparison cannot give us a clean conclusion about to what extent the tensor force in the relativistic framework influences the gap evolution. But now, with the present newly-developed formalism, we can eventually identify the properties of the tensor force embraced in the effective interaction PKA1. Due to such tensor properties, the tendency of gap evolution coincides with the empirical trend. Let us look into the details of each meson-nucleon coupling. As shown in Fig. 2, for 16 O with Z = N = 8, all the couplings give almost vanishing tensor contributions, because both neutrons and protons are spin saturated, in which case the tensor contributions from all the states are basically canceled out by those from their spin partners. The same feature was also seen in the Skyrme calculations with SLy5 and SLy5 wT and the Gogny calculations with GT2 nT and GT2 [39] . Going from 16 O to 22 O, the tensor contribution from the π-PV coupling increases by about 1.3 MeV, and the tensor contributions from the ρ-T and ρ-VT couplings compromise the π-PV one by around 0.2 MeV each. In contrast, there is no tensor contribution to the Z = 8 gap from the ω-V coupling since the isoscalar ω meson cannot mediate the interaction between neutrons and protons. The tensor contribution from the ρ-V coupling is negligible mainly due to its small coupling strength.
The neutron gap N = 8 is determined by the energy difference between the neutron spin-up 1d 5/2 and spindown 1p 1/2 states. The evolution of the N = 8 gap from 14 C to 16 O is determined by the occupation of proton spin-down orbital 1p 1/2 . As shown in Fig. 3 , the net tensor effect of PKA1 decreases the N = 8 gap from to 16 O by about 0.6 MeV, and the empirical trend is reproduced well with this reduction. Similar to the case of the proton gap Z = 8, for the neutron gap N = 8, the tensor contribution of the π-PV coupling dominates over all other couplings, but partly canceled by those of the ρ-T and ρ-VT couplings.
Finally, it is interesting to point out that here the net tensor effect on the Z = 8 gap from 16 O to 22 O is about 1 MeV by PKA1 in the RHF scheme. In contrast, this tensor effect reaches around 2.5 MeV by SLy5 wT and even around 4 MeV by GT2 in the Skyrme and Gogny theories, respectively [39] . From 14 C to 16 O, the net tensor effect of PKA1 decreases the N = 8 gap by about 0.6 MeV, while the corresponding values are about 1.2 MeV and 3 MeV in the Skyrme SLy5 wT and Gogny GT2 calculations, respectively. This may imply that the π-PV coupling in PKA1 is somewhat too weak, which can be kept in mind for the future developments of the relativistic energy density functionals.
Z = 20 isotopes and N = 20 isotones
In order to clarify the effects of the tensor force on the proton gap Z = 20, we calculate the Ca isotopes 40 Ca, 48 Ca, 52 Ca, and 54 Ca. According to our calculations, the Z = 20 gap in these isotopes are all determined by the single-particle energies of the spin-up 1f 7/2 and spindown 1d 3/2 states. In 48 Ca, the neutron orbital 1f 7/2 is fully occupied, and the Z = 20 gap is expected to be enhanced by the tensor effects comparing with 40 Ca. As shown in Fig. 4 , our calculation gives an enhanced gap and the total tensor contribution also increases the gap. In 52 Ca, another neutron spin-up orbital, 2p 3/2 , is occupied, and thus it is expected to further enhance the Z = 20 gap. Our calculations show such an enhancement but the slope is very small. From 52 Ca to 54 Ca, the neutron spin-down orbital 2p 1/2 is occupied and it is expected to weaken the Z = 20 gap, which is consistent with the present calculated results. Decomposed into each coupling, same as the cases of Z = 8 and N = 8, the tensor contribution of the π-PV coupling is dominant and partially canceled by those of the other couplings, especially the ρ-T and ρ-VT ones. For the neutron gap N = 20, we perform the RHF calculations for 34 Si, 36 S, and 40 Ca, and show the corresponding results in Fig. 5 . The neutron gap N = 20 in these nuclei are also determined by the 1f 7/2 and 1d 3/2 states. From 34 Si to 36 S, the N = 20 gap keeps almost constant, and the tensor force does not present any remarkable effect. This is because the two protons occupy only the 2s 1/2 state and the s orbitals give no tensor contribution [10] . From 36 S to 40 Ca, the net tensor effect decreases the N = 20 gap by around 0.5 MeV as the protons occupy the 1d 3/2 state. Finally at 40 Ca, all the tensor contributions are basically vanishing because both neutrons and protons are spin saturated.
It is seen in Figs. 4 and 5 that, on the one hand, the present results show quite different behaviors from the empirical trend on the gap evolutions. On the other hand, the present tensor effects coincide with every details of those by the Skyrme SLy5 wT calculations [39] , although the amplitude is somewhat smaller.
Z = 28 isotopes and N = 28 isotones
For the proton gap Z = 28, we perform the RHF calculations for the Ni isotopes 56 Ni, 60 Ni, 66 Ni, 68 Ni, and 78 Ni. The Z = 28 gap is determined by the proton 2p 3/2 and 1f 7/2 states from 56 Ni up to 68 Ni, but by the 1f 5/2 and 1f 7/2 states for 78 Ni. The corresponding results are shown in Fig. 6 . It is seen that the empirical trend of the gap evolution is followed from 56 Ni to 66 Ni but not further. For the net tensor effect, it is noted that the 2p 3/2 and 1f 7/2 states are both j > states, and thus the tensor interactions act for the two states in the same direction. As a result, the net tensor effect on the gap evolution is not profound at all up to 68 Ni. The Z = 28 gap is then determined by the 1f spin doublets in 78 Ni. As a result, a visible but not large tensor effect is seen from 68 Ni to 78 Ni. Another important point is that the protons in the Ni isotopes are not spin saturated. This makes it possible for the ω-V coupling to present considerable tensor contribution to the Z = 28 gap. As seen in Fig. 6 , its contributions are up to around 0.5 MeV, which is comparable with those from the π-PV coupling. Nevertheless, because of the isoscalar nature of the ω-V coupling, its tensor contributions remain almost the same along the isotopes with respect to the change of the neutron number, as long as the single-particle configurations remain the same, i.e., from 56 Ni to 68 Ni. For the neutron gap N = 28, we perform the RHF calculations for the isotones 42 Si, 44 S, 48 Ca, and 56 Ni. The N = 28 gap is determined by the neutron 2p 3/2 and 1f 7/2 orbitals for these considered nuclei. The corresponding results are shown in Fig. 7 . It is interesting to see that although the overall increasing trend from 42 Si to 56 Ni can be reproduced, the detailed evolution at each sub-shell closure shows difference. Nevertheless, this is not because of the tensor effect. Since both the 2p 3/2 and 1f 7/2 states are the spin-up states, the tensor interactions act for the two states in the same direction, and thus the net tensor effects are almost invisible.
It is also interesting to point out that for the cases of the Z = 28 and N = 28 gaps, the tensor effects in the present results are substantially different from those by the Skyrme SLy5 wT and Gogny GT2 calculations [39] . But one conclusion is in common: The Z = 28 and N = 28 gaps do not seem suitable for identifying the tensor effects.
IV. SUMMARY AND PERSPECTIVES
We have identified the tensor force up to the 1/M 2 order in each meson-nucleon coupling in the RHF theory, by the non-relativistic reduction for the relativistic twobody interactions. It is found that all the couplings, except the σ-S one, give rise to the tensor force, which is in agreement with the realistic Bonn nucleon-nucleon interactions in the one-boson-exchange picture. The sum rule of the two-body matrix elements of tensor force has been also verified.
On the one hand, taking the nuclei 48 Ca and 208 Pb as examples, we have found that the tensor contributions to nuclear binding energies are in general tiny. The tensor contribution from the π-PV coupling dominates and makes nuclei less bound, whereas all the other meson-nucleon couplings give opposite contributions. In particular, with the effective interaction PKA1, not only the ρ-T but also ω-V and ρ-VT couplings show substantial tensor contributions, and these contributions largely cancel out the π-PV one. As a result, it is very difficult to determine the proper strengths of tensor force by fitting to the nuclear masses.
On the other hand, taking the isotopes and isotones Z, N = 8, 20, and 28 as examples, we have found that the tensor contributions to the evolutions of the magic gaps are much more profound. Similar to the case of binding energy, here the π-PV tensor contribution is dominant and partially canceled by the ρ-T and ρ-VT ones. The ω-V coupling does not participate in the proton-neutron channel. With the newly-developed formalism in this work, we are eventually able to make fair and quantitative comparisons with the corresponding results with and without tensor in the non-relativistic Skyrme and Gogny calculations. The present results show the same conclusions by the non-relativistic theories in Ref. [39] that the Z, N = 8 and 20 gaps are the candidates for constraining the tensor strengths, but the Z, N = 28 gaps are not. Moreover, it is found that the total tensor effect in the effective interaction PKA1 is weaker than those in the Skyrme SLy5 wT and Gogny GT2 effective interactions.
With the present formalism, we are able to further quantitatively evaluate the tensor contributions, from each meson-nucleon coupling in the relativistic framework, to a variety of nuclear ground-state and excitedstate properties. Those properties sensitive to the tensor force can be selected, and then they can serve as efficient constraints for the strengths of the tensor force in return. In the non-relativistic framework, the sensitivities of the tensor force in the excitation energies of the 0 − states [70] , the electric and magnetic multipole responses [71] , the Gamow-Teller [72] and spin-dipole [73] resonances, and the β-decay half-lives [74] have been investigated. Very recently, ab initio relativistic Brueckner-HartreeFock calculations [75] [76] [77] based on the realistic nucleonnucleon interactions showed a systematic and specific pattern in the evolution of spin-orbit splittings in neutron drops [78, 79] . It was also shown that the tensor force plays a critical role in reproducing this pattern, and the tensor force in the existing effective interactions in the RHF theory is not strong enough. All these aspects will promote the developments of the nuclear density functional theory in the near future.
For the π-PV coupling,
In the one-boson-exchange picture [66] ,
2 , i.e., this order is regarded as O(1/M 2 ). For the σ-S coupling,
It should be noticed that there is no tensor component up to this order. For the ω-V coupling, its time component is similar to the σ-S coupling, which reads
Its space component is as following,
For the ρ-V coupling, it is similar to ω-V coupling except for the isospin part. For the ρ-T coupling, with
we get its time component as
because the leading order is of O(1/M 4 ) here. With
we get its space component as
Following the derivations of ρ-V and ρ-T couplings, one can easily get the corresponding two-body interaction matrix element of the time component of ρ-VT coupling,
and the corresponding two-body interaction matrix element of the space component of ρ-VT coupling,
In short, up to the 1/M 2 order, the non-relativistic reduced two-body interactionsV 0,φ in the zero-density limit 
Note that by transfering these results to the center-of-mass frame (k ′ = −k), these expressions are consistent with Eqs. (A17)-(A19) in Ref. [66] for the bare Bonn interactions.
Appendix B: Non-relativistic reduction with finite density
In this appendix, we will show the non-relativistic reduced two-body interactionsV φ in the case of finite density. The general strategy is quite similar to that used in Appendix A, but starting with the Dirac spinor Eq. (27) with the starred quantities instead. During the derivations, we further replace the starred momentum p * by the undressed one p and adopt the same Dirac mass M * for the two states at one vertex, as justified below. The final results ofV φ up to the 1/M 2 order read
In Fig. 8 , we show the ratio between the starred momentum and its undressed counterpart p * /p as a function of p/p F for the symmetric (β = 0) and asymmetric (β = 0.2) nuclear matter with ρ = 0.1ρ sat. , 0.5ρ sat. , and ρ sat. . It is seen that in all these representative cases the adopted approximation p * ≈ p introduces less than 2% errors.
In Fig. 9 , we show the momentum dependence of the Dirac mass M * for the symmetric (β = 0) and asymmetric (β = 0.2) nuclear matter with ρ = 0.1ρ sat. , 0.5ρ sat. , and ρ sat. . It is also seen that the momentum dependence of the Dirac mass M * is rather weak. Therefore, it is reasonable to adopt the same value of M * for the two states at one vertex. In practice, the value of M * is chosen as the one with the Fermi momentum M * (p F ).
Appendix C: Evaluation of two-body interaction matrix elements of tensor force
In this appendix, we will show the alternative ways to carry out the integral in Eq. (33) for the tensor contribution to the two-body interaction matrix elements.
Since there are only tensor and central terms without any other distracting terms, up to the leading order, in the π-PV and ρ-T couplings, it inspires us to evaluate the V t π-PV,αββα and V t ρ-T,αββα indirectly by excluding the contribution of the central term from the whole two-body interaction matrix elements of the π-PV and ρ-T channels [34] . The central terms in Eqs. (B1d) and (B1e) can be divided into two parts, denoted as the zero-range (ZR) and finite-range (FR) parts, respectively, as following,
and its Fourier transformation gives the presentation in the coordinate space, 
Thus, the evaluation of the tensor contributions in the π-PV and ρ-T channels is relatively easy. Based on that, we can actually find two different ways to evaluate the tensor contributions V t φ,αββα of each meson-nucleon coupling in the pseudovector (PV) and tensor (T) forms. It is confirmed that the numerical results by these two different ways are all identical to each other.
Pseudovector form
We denote the tensor contributions evaluated in the PV form as V t,PV φ,αββα , which can be expressed as 
These three terms can be further expressed as 
where κ ab = κ a + κ b and
Note that the isospin operators in F φ (1, 2) in Tab. II, 1 or τ · τ , here become the isospin factors L + l a + l b must be even (odd).
Tensor form
We denote the tensor contributions evaluated in the T form as V t,T φ,αββα , which can be expressed as 
